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Studying the temperature evolution of the thermally affected zone (TAZ) of sliding surfaces is crucial because of its influence on
microstructural evolution, wear, and fatigue. Due to the complexity of thermal analysis of sliding bodies, relationships that predict
their surface temperature evolution are very helpful because they can be used as time-dependent boundary conditions; this makes
the thermal analysis of sliding bodies independent. In this paper, by assuming thermal contact conductance (TCC) at the sliding
common surface, the differential equation governing the thermal analysis of the wheel-rail sliding is solved throughout a wheel
flat. The temperature evolution of wheel and rail surfaces and the heat partitioning factor are among the main results. Finally, the
equations obtained for wheel and rail surface temperatures are applied to a freight wagon and a passenger car as two real cases.The
results are discussed and compared to existing data in the literature and a solid agreement is achieved.
1. Introduction
Temperature evolution of the thermally affected zone (TAZ)
around contact surfaces of sliding bodies is crucial due to its
influence on wear [1–3], fatigue [4], thermal softening [5],
friction properties [6], microstructure evolution and residual
stress [7], and so on. During pure sliding of a wheel onto
rail, the temperature of contact surfaces increases. At the
beginning of sliding, the contact patch is small and the heat
flux is high. The temperature of contact surfaces increases
rapidly. Because of decaying the mechanical properties of
steel, a wheel flat is created and grows on the wheel tread due
to wear. Rate of enlarging the contact surface is initially very
high and the wheel flat reaches its final size very fast. During
this process, the heat flux decreases and the wheel surface
temperature reaches a stable value. Ahlström and Karlsson
[8] found that the average steady-state temperature of wheel
flats is 900±100∘C.
Blok [9], Carslaw and Jaeger [10], and Archard [11, 12]
are among the pioneer researchers who presented analytical
expressions to estimate the temperature rise on sliding
surfaces. These works have been fundamental to many
researchers in this field till now. A survey on sliding surface
temperature studies in chronological order has been pre-
sented in [13].
Ling and Ng [14] used Green’s function method to
express the temperature rise in the slider and rider. Gonzalez-
Santander et al. [15] presented an analytical solution for
the temperature evolution of the grinding wheel and the
workpiece in dry grinding. Gonzalez-Santander and Martin
[16] investigated the heat transfer in surface grinding. They
found a rapid theoretical method for computation of the
maximum temperature. Barber [17] derived a solution for
the heat conduction in a single asperity interaction of sliding
bodies of comparable hardness. Ling and Pu [18] used a
stochastic model to show fluctuations of surface temperature.
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Ahlström and Karlsson [8] investigated the microstruc-
tural evolution of TAZ around wheel flats in a railway wheel
using a prescribed time-dependent temperature:
V = V𝑠𝑠 (1 − 𝑒𝜆𝑡) , (−∞ < 𝜆 < −2) (1)
where V is temperature, V𝑠𝑠 is steady-state temperature,
and 𝜆 is a rate parameter. They used this equation as a
boundary condition in thermal analysis of wheel flats. They
mentioned that, in sliding friction, 𝜆 is not easily determined
because of lack of recordings of surface temperature as a
function of sliding time. Choosing a proper equation as
a model for predicting surface temperature evolution is
valuable because it leads to accurate results.
In this study, we are dealing with equations thst are more
accurate than existing models such as (1). The temperature
evolution of wheel and rail during pure sliding using analyti-
cal method is investigated. One-dimensional heat analysis in
semi-infinite solids is assumed at each point on the contact
surface. Sliding occurs at awheel flat and rail common surface
and the contact pressure distribution is even during sliding.
The reason is that the higher the contact pressure, the greater
the wear during sliding. Wear is not considered here and
contact patch is kept at the final size of the wheel flat. During
full-braking when the wheels get locked, in a very short
period of time at the beginning of sliding, the temperature is
high enough tomelt the surface layers or tremendously decay
mechanical properties due to remarkably high heat flux.
These layers get removed very rapidly during the skid and
wheel flat is created. In our study, we solve the equations of the
heat transfer right after formation of the wheel flat. Material
properties are assumed to be constant with temperature.
But the solution can be extended to the case in which the
material thermal properties other than thermal diffusivity (𝜅)
are temperature-dependent, as described in Theory. The rail
temperature at the leading edge of the wheel flat is always at
the rail’s ambient temperature because fresh rail enters into
contact surface at each moment during sliding. It is assumed
that the temperature difference between wheel and rail is
the same throughout contact surface. Finally, two real cases
(a freight wagon and a passenger car) are investigated. The
results are discussed and compared to existing data in the
literature and a good agreement is achieved.
2. Theory
The differential equation governing the thermal analysis of
the wheel-rail sliding at zero degree Celsius initial tem-
perature, assuming a constant diffusivity (𝑘𝑖) and no heat
generation, is
𝜕V𝑖 (𝑦𝑖, 𝑡)𝜕𝑡 − 𝜅𝑖
𝜕2V𝑖 (𝑦𝑖, 𝑡)𝜕𝑦2𝑖 = 0, (𝑖 = 𝑤, 𝑟)
V𝑖 (𝑦𝑖, 𝑡 = 0) = 0.
(2)
V𝑖 is the temperature of 𝑖th body and 𝑖 is wheel (w) or
rail (r). 𝑡 is time, 𝑘𝑖 is the diffusivity of 𝑖th body and is











Figure 1: Pure sliding of a wheel onto rail, wheel flat on wheel tread,
and sliding surface on rail. Heat generated during sliding (𝑄) enters
equally into wheel and rail. Due to temperature difference between
wheel and rail, a secondary heat (𝑄󸀠) transfers from wheel into rail.
conductivity, mass density, and heat capacity of the 𝑖th body,
respectively. Although in this study𝐾𝑖, 𝜌𝑖, and 𝑐𝑖 are assumed
to be constant, if they are temperature-dependent, (2) holds
its form with introducing a new variable 𝜃𝑖 as follows [10]:
𝜕𝜃𝑖 (𝑦𝑖, 𝑡)𝜕𝑡 − 𝜅𝑖
𝜕2𝜃𝑖 (𝑦𝑖, 𝑡)𝜕𝑦2𝑖 = 0,




𝜃𝑖 (𝑦𝑖, 𝑡 = 0) = 0.
(3)
𝐾0 is the value of 𝐾 when V = 0. In (3), 𝜅𝑖 is a function
of 𝜃𝑖 and the differential equation is nonlinear. In reality, the
dependency of 𝜅𝑖 on temperature is less important than that
of 𝐾𝑖 [10]. Therefore, it is a reasonable approximation to take𝜅𝑖 as a constant parameter.
Figure 1 schematically shows pure sliding of a wheel onto
rail. A wheel flat is created during sliding on wheel tread
and is depicted in red. The corresponding sliding surface on
rail is also shown by red rectangle. Heat generated during
sliding (𝑄) is equally divided between wheel and rail. It can
be calculated as
𝑄 = 𝜇𝑓𝑚𝑔𝑢 (4)
where 𝜇𝑓 is friction coefficient of wheel and rail contact
patch, 𝑚 is a portion of wagon’s mass which is supported by
the wheel, 𝑔 is gravity, and 𝑢 is the sliding velocity. Due to
temperature difference between wheel and rail, a secondary
heat (𝑄󸀠) transfers from wheel into rail.
For analytical solution, semi-infinite solid assumption
is made for both wheel and rail. The initial and ambient
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Figure 2: Heat transferring into sliding bodies.
temperatures are assumed to be 0∘C. The real ambient
temperature should be added to the results. Figure 2 shows
the heat transferring into the sliding bodies.
At time zero, both bodies are at ambient temperature and𝑄/2 is transfered to each one. Later, a temperature difference
will be established between them and a different heat (𝑄󸀠) is
transferred from the warmer (wheel) into the colder (rail)
body. At (𝑥, 𝑦𝑟) = (0, 0) the rail is always at ambient
temperature because of entering a fresh rail into contact area
at each moment and at this point
𝑄󸀠 = 𝑇𝐶𝐶.𝑆.V𝑤0 (𝑦𝑤 = 0) (5)
where 𝑇𝐶𝐶 is the thermal contact conductance and 𝑆 is
the contact patch area. 𝑇𝐶𝐶 is assumed to be constant over
the contact patch. During severe sliding when a wheel flat is
created, this assumption is close to reality because of relatively
uniform pressure distribution. At steady-state condition𝑄󸀠 =𝑄/2 and, from (5),
𝑄
2 = 𝑇C𝐶.𝑆.V𝑤𝑠0 (6)
where V𝑤𝑠0 indicates the steady-state value of V𝑤0. At
steady-state condition, 𝑄 enters into the rail surface:
𝑄 = −𝐾𝑟𝑆𝜕V𝑟𝜕𝑦𝑟 at 𝑦𝑟 = 0. (7)
The solution of the differential equation (2) with boundary





1/2 𝑒−𝑦2𝑟 /4𝜅𝑟𝑡𝑟 − 𝑦𝑟2 𝑒𝑟𝑓𝑐
𝑦𝑟2√𝜅𝑟𝑡𝑟]
(8)
where 𝑡𝑟 is sliding duration of a point on rail surface. The
steady-state temperature of a rail surface point is




and, at a constant sliding velocity (𝑉),
V𝑟𝑠 (𝑥, 𝑦𝑟 = 0) = 2𝑄𝑆𝐾𝑟 (
𝜅𝑟𝑥𝑉𝜋 )
1/2 . (10)
At the wheel surface,
𝑄
2 − 𝑄󸀠 = −𝐾𝑤𝑆
𝑑V𝑤0𝑑𝑦𝑤 . (11)
From (5) and (11), it follows that
− 𝑑V𝑤0𝑑𝑦𝑤 + ℎ𝑤V𝑤0 = ℎ𝑤V𝑤𝑠0,
(𝑎𝑡 𝑦𝑤 = 0) ,
{{{{{
ℎ𝑤 = 𝑇𝐶𝐶𝐾𝑤 ,
V𝑤𝑠0 = 𝑄2𝑇𝐶𝐶.𝑆
(12)
V𝑤𝑠0 is constant at constant 𝑄. The solution of differential
equation (2) if 𝑖 = 𝑤0 with boundary condition (12) is [10]
V𝑤0 = V𝑤𝑠0 [𝑒𝑟𝑓𝑐 𝑦𝑤2√𝜅𝑤𝑡
− 𝑒ℎ𝑤𝑦𝑤+ℎ2𝑤𝜅𝑤𝑡𝑒𝑟𝑓𝑐 ( 𝑦𝑤2√𝜅𝑤𝑡 + ℎ𝑤√𝜅𝑤𝑡)] , 𝑡 > 0
(13)
Thewheel surface temperature evolution at (𝑥, 𝑦) = (0, 0) can
be found by inserting 𝑦 = 0 in (13).
V𝑤0 (𝑦𝑤 = 0) = V𝑤𝑠0 [1 − 𝑒ℎ2𝑤𝜅𝑤𝑡𝑒𝑟𝑓𝑐 (ℎ𝑤√𝜅𝑤𝑡)] ,
𝑡 > 0
(14)
By inserting (14) into (5), we have
𝑄󸀠 (𝑥 = 0) = 𝑄2 [1 − 𝑒ℎ
2
𝑤
𝜅𝑤𝑡𝑒𝑟𝑓𝑐 (ℎ𝑤√𝜅𝑤𝑡)] , 𝑡 > 0 (15)
and the heat partitioning factor (𝛼) can be found as
𝛼 (𝑥 = 0) = 1 − 12𝑒ℎ
2
𝑤
𝜅𝑤𝑡𝑒𝑟𝑓𝑐 (ℎ𝑤√𝜅𝑤𝑡) , 𝑡 > 0. (16)
Heat partitioning factor is defined as a portion of the
frictional heat transferring into the rail during wheel skid.
Then, at the rail surface,
𝑓 (𝑡) = −𝐾𝑟 𝑑V𝑟𝑑𝑦𝑟 , (𝑎𝑡 𝑦𝑟 = 0) ,







The solution of differential equation (2) if 𝑖 = 𝑟 assuming the











where 𝑡0 is the time duration of the heat transferring to that
point of the rail during sliding and 𝑓(𝑡) is defined in (17).
Equation (18) gives the rail temperature evolution. The wheel
temperature on the surface can be found from (14) and (18) at𝑦𝑤 = 0 and 𝑦𝑟 = 0 as




𝑓 (𝑡 − 𝜏)
√𝜏 𝑑𝜏
+ V𝑤𝑠0 [1 − 𝑒ℎ2𝑤𝜅𝑤𝑡𝑒𝑟𝑓𝑐 (ℎ𝑤√𝜅𝑤𝑡)]
(19)
𝑡0 depends on the velocity (𝑉) of sliding and the position
(𝑥). Assuming a constant velocity, 𝑡0 = 𝑥/𝑉. During the
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Figure 3: The variation of 𝑇𝐶𝐶 with pressure [22]. A trendline is
fitted to the data.
cooling period, according to Özisik [19], the distribution of





𝐹 (𝜉) [𝑒−(𝑦𝑖−𝜉)2/4𝜅𝑖𝑡 + 𝑒−(𝑦𝑖+𝜉)2/4𝜅𝑖𝑡] 𝑑𝜉,
𝑖 = 𝑟, 𝑤
(20)
𝐹(𝑦𝑖) is the temperature distribution when heating ends.
Here, two real cases are considered. They are based
on the report of full-scale field experiments which were
performed at Silinge, Stockholm [20]. Different conditions
were prepared to simulate actual situations. For example,
soap water was used to reduce the friction. The average
coefficients of friction in the following cases are 0.136 and
0.061, respectively. The ambient temperature for these special
cases is not reported but it is generally reported as 4-17∘C
[21]. It is assumed as 0∘C in the following cases. Otherwise,
it should be added to the results.
Case 1 (freight wagon). A freight wagon with 18.9 ton axle
load slides for 5.6 s with 20 km/h and an elliptical wheel
flat of 25 and 11 mm radii is created and 70 kW heat is
generated. We assume conductivity, mass density, and heat
capacity of the wheel and rail steels as 45W/mK, 7850 kg/m3,
and 500 J/kgK, respectively. 𝑇𝐶𝐶 according to Figure 3 is
55000 W/m2K [22]. The ambient temperature is assumed as
0∘C.
Solution. The temperature evolution of the rail and wheel
sliding surfaces along the main axis of the wheel flat can
be calculated using (18) and (19) at various sliding times.
Figure 4 shows temperature changing in opposite direction
of sliding, along the contact area. As can be seen, the lowest
temperature occurs at the leading edge of the wheel flat
and the highest one at the trailing edge. At short times, the
wheel temperature approaches the rail’s. The rail temperature
at the leading edge is always at ambient temperature (here,
0∘C). The small difference between the temperature curves
at 10 s sliding and 100 s sliding implies saturation or steady
state of the temperature. As can be seen, the temperature
changes of the wheel occur at a wider range than those of
the rail. The average of the wheel surface temperature after
5.6 s sliding can be calculated [12] as 1081∘C which is com-
parable to 1050∘C that is reported by Ahlström and Karlsson
[8].
In this case, the wheel temperature is sufficiently high for
steel to be austenitized but the rail temperaure is lower than
Ac1.During sliding, thewheel flat surface increases with time.
We suppose that the wheel and rail profiles to be according to
the standard UIC 920 mm freight wheel with S1002 profile
and UIC60, respectively. According to the Hertzian elastic
contact theory [23], the initial contact surface is an ellipse
with radii 5.5 and 4.5 mm which is approximately 1/10 of
the final contact surface. So, at the beginning of sliding,
the heat flux is high enough to melt the wheel and rail
surface layers and when the contact surface is not greater
than 1/1.25 of the final wheel flat surface, the rail surface is
austenitized. Because of rapid cooling into the surrounding
material, creation of martensite layers is probable. Although
the steady-state temperature of the rail surface is not high
enough for austenitization, the rail surface is damaged at the
beginning of sliding.
Figure 5 shows that the TAZ in rail is shallow during
heating due to sliding. The reason is the short sliding time
of each point of the rail surface. After this duration, it starts
to be cooled.
The evolution of the maximum surface temperatures can
be calculated from (14), (18), and (19) on the surface and is
depicted in Figure 6 during 5 s sliding. According to Figure 4,
the maximum surface temperature occurs at the trailing
edge of the wheel flat. As can be seen, the rail temperature
approaches the steady-state value faster than that of the wheel
and the rate of temperature change at both wheel and rail is
high at the beginning of the sliding.
Case 2 (passenger car). A passenger car with 6.2 ton axle load
slides for 5 s with 39 km/h and an elliptical wheel flat of 12
mm and 6.5 mm radii is created and 20 kW heat is generated.
The material property as those of Case 1 and 𝑇𝐶𝐶 according
to Figure 3 is 62000 W/m2K [22]. We will determine the
temperature evolution of the wheel and rail sliding surfaces.
The ambient temperature is assumed as 0∘C.
Solution. From (6), the steady-state temperature difference
is calculated as 658∘C. From (14), the temperature difference
betweenwheel and rail sliding surfaces as a function of time is
according to Figure 7, using the left ordinate.The change rate
of temperature difference at the beginning of sliding is high
and is gradually decreased to zero at steady state. This figure
also shows the time evolution of heat partitioning factor using
(15). It increases sharply at the beginning of sliding from 0.5
at time zero to more than 0.9 after 0.5 s. It means that, at the
beginning of sliding, the frictional heat enters equally into the
wheel and rail. After a short time, more than 90% of it enters
into the rail.This phenomenon is called “rail chill effect” [24].
Figure 8 shows the distribution of temperature on rail
sliding surface during a passage (0.0022 s) starting from (a)
0 s, (b) 0.0078 s, (c) 0.0978 s (d) 0.9978 s, and (e) 4.9978 s.
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Figure 4: Distribution of surface temperature of wheel and rail after 0.1s, 1s, 10s, and 100s sliding.
0.02 0.04 0.06 0.08 0.10


















Figure 5: Distribution of the rail temperature in depth at the leading
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Figure 6: Time evolution of wheel and rail maximum surface
temperatures during sliding.
Proximity of the lines (e.g., lines (d) and (e)) at higher times
indicates reaching a steady state. At lower times, the great













































Figure 7: The temperature difference between the wheel and rail
sliding surfaces (left axis), and The heat partitioning factor (right
axis) vs. sliding time.
(a) 0 s - .0022 s
(b) .0078 s - .01 s
(c) .0978 s - .1 s
(d) .9978 s - 1 s
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Figure 8: Distribution of temperature on rail sliding surface during
a passage (0.0022s) starting from (a) 0 s, (b) 0.0078 s, (c) 0.0978 s (d)
0.9978 s, and (e) 4.9978 s.
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Figure 9: Temperature evolution of sliding surface of (a) rail and (b) wheel as a function of sliding time and the distance from leading edge
of the wheel flat. Note that temperature limits are different in figures.
difference between them (compare lines (a), (b), and (c))
shows the rate of change. At the beginning of sliding (line
(a)) during one passage, heat partitioning factor changes from
0.5 to 0.6 with a great slope. The slopes are greatly reduced at
higher times.
Figure 8 can also be considered as evolution of tempera-
ture and heat partitioning factor at the trailing edge of wheel
flat during a passage (0.0022 s) starting at different times (a-
e).The highest temperature of this point is calculated as 316∘C
at 5 s. By adding the temperature difference value at 5 s from
Figure 7, themaximum temperature of wheel’s sliding surface
at 5 s is obtained as 940∘C.The average temperature at the rail
surface, assuming a constant heat input into the rail during
this small time interval, is obtained as 193∘C [12].The average
temperature at thewheel sliding surface is calculated as 817∘C,
which is comparable to 800∘C that is reported by Ahlström
and Karlsson [8].
Figure 9 illustrates the temperature evolution of the rail
and wheel sliding surfaces as a function of sliding time and
the distance from the leading edge of the wheel flat. In both
figures, the initial temperature at the leading edge is the
ambient temperature (here, 0∘C). The temperature of this
point on the rail surface remains unchanged during sliding.
The reason is that a fresh rail enters into contact region at this
point. On the contrary, temperature of leading edge on the
wheel surface increases sharply from ambient temperature
(0∘C) and after a short time approaches its steady-state value.
This is the lowest temperature at the wheel contact surface at
each moment. Temperature increases by moving away from
the leading edge. The highest temperature of the wheel and
rail contact surfaces occurs at the trailing edge at 5 s.
3. Conclusion
In this paper, differential equations governing the thermal
analysis of the wheel and rail during sliding are solved
throughout a wheel flat surface considering zero initial
temperature. Because fresh rails enter into the sliding region
at each moment, rail temperature at the leading edge is
assumed to remain at the ambient temperature. Equations
(18) and (19) give the time-history of rail and wheel surface
temperature during sliding. Two real cases (a freight wagon
and a passenger car) are investigated and the results are
discussed. The following conclusions are obtained:
(1) During sliding, the lowest and highest temperature
values occur at the leading and trailing edges of wheel
flat on both wheel and rail.
(2) At the beginning of sliding during a passage, temper-
ature and heat partitioning factor change with great
slopes. These slopes are greatly reduced at higher
times.
(3) The average steady-state temperature values of the
wheel sliding surface in both cases considered are
comparable to existing data from a field test [8] with
less than 3% difference. In both cases, the calculated
temperature values are higher than measured data.
(4) Using (18) and (19), temperature evolution of
wheel’s and rail’s contact surfaces is predicted. These
temperature-time histories can be used as boundary
conditions on their surfaces, for example, using
finite element method or any other methods, in new
analyses. These can lead to find the time evolution of
temperature throughout the bodies.
(5) During pure sliding of a wheel on the rail, each point
at sliding region heats up as described by (18) and (19).
These points cool down according to (20) when the
wheel starts to roll again and the points get away from
the contact region. This time-history of temperature
is a prerequisite of determining the microstructural
evolution at each point. Prediction of residual stress
and fatigue life of a flat wheel could be the next step
of this analysis.
(6) At the beginning of sliding, the heat flux may be
so high because of small sliding surfaces and it
can be detrimental for the wheel and rail surface
layers. Creation of different defects on wheel and rail
following skid can be evaluated using the results of
this study.
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Abbreviations
𝛼: Heat partitioning factor𝜅: Diffusivity (m2/s) which is defined as 𝜅 = 𝐾/𝜌𝑐𝜆: Rate parameter (1/s)𝜇𝑓: Coefficient of friction𝜌: Mass density (kg/m3)𝑐: Heat capacity (J/∘C or J/K)𝑔: Gravity (m/s2)𝐾: Thermal conductivity (W/m∘C or W/mK)𝐾0: Value of 𝐾 when V = 0∘C𝑚: Mass (kg)𝑄: Heat generated during sliding (W)𝑄󸀠: A heat which transfers from wheel into rail during
sliding (W)𝑆: Contact patch area (m2)𝑡: Time (s)𝑡𝑟: Sliding duration of a point on rail surface (s)𝑇𝐶𝐶: Thermal contact conductance (W/m2K or W/m2∘C)𝑢: Sliding velocity (m/s)𝑉: A constant sliding velocity (m/s)
V: Temperature (∘C)
V𝑠𝑠: Steady-state temperature (
∘C)
V𝑤0: Temperature (
∘C) value of the wheel at 𝑥 = 0
V𝑤𝑠0: Steady-state value of V𝑤0 (
∘C).
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